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Q\ ' Abstract 
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The susceptibility of the transformed information to the filed and system parameters 



$_i \ is investigated for the Kane solid state computer. It has been shown, that the field 

P-i' 

. polarization and the initial state of the system play the central roles on the abrupt 

■ and gradual quench of the purity and the fidelity. If the field and the initial state are 

in different polarizations, then the purity and the fidelity decrease abruptly, while for 



the common polarization the decay is gradual and smooth. For some class of initial 



states one can send the information without any loss. Therefore, by controlling on 
t he devices one can increase the time of safe communication, reduce the amount of 
exchange information between the state and its environment and minimize the purity 
^ decrease rate. 
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O ■ 1 Introduction 



In recent years the ambitions on quantum computer and its new technology, has gained much 
attention [TJ [2]. It is a device for computation that makes use of quantum mechanical char- 
acterization , such as superposition and entanglement [3j. It manipulate two level quantum 
system called qbit (quantum bit) that can be represented as an arbitrary superposition of |0) 
and |1) [I]. There are many attempts have been done to produce a scalable quantum com- 
puter. Among these temptats, Nuclear Magnetic Resonance (NMR) [5], but unfortunately 
the constructed quantum computer does not work beyond a few tens of qubits [6]. The 
systems of trapped ions have been represented as models of quantum computers. In these 
systems one encodes and manipulates information via long-lived internal states of ions [3 [8]. 
Also, As a candidate of scalable solid-state quantum computer, superconducting circuits 
with Josephson junction [9] have attracted much attention in recent years. The perceived 
advantages of solid state quantum computation are its scalability and the low decoherence 
rate for spin states [TO] . 

Quantum computation are based on a set of quantum control-NOT (CNOT) gate per- 
formed between two qubits [2]. Due to the noise these CNOT operations are not performed 
correctly and consequently the quantum computations are not correctly performed [TT| [T2"]. 



Wellard and Hollenberg [T3j have investigated the CNOT operation of the Kane quantum 
computer, where the evaluation of a single qubit is controlled by a voltage. Sometimes this 
voltage contains a source of stochastic noise which leads to noisy operations. Also the influ- 
ence of random errors in external control parameters on the stability of holonomic quantum 
computation has been investigated in [14j . So, quantum state which carries the information is 
too fragile to exist for a long time unless the system under consideration is perfectly isolated 
from its environment. This detrimental effect of decoherence causes a loss of transmitted 
information and the loss ofpurity of its carrier [T5] . 

This motivates us to unveiling some properties of the information's carrier. Among 
these properties is the purity, which is employed for investigating the process of coherence 
loss [T6| [T7] , entropy which measures the amount of exchange of information between the 
system and its environment [TBI [T5] and the coherent vectors, which give one of the possible 
descriptions of N-level quantum state and allow us to grasp characteristics of states from 
a completely geometrical standpoint [20]. Effective transport of quantum information is an 
essential element of quantum computation. Since the desired information is encoded in the 
carrier state which is subject to an external noise, so it is important to evaluate the fidelity 
of the transmitted information. 

The paper is organized as follows: In Sec. 2, we introduce the model. The dynamics of 
purity and entropy is given in Sec. 3. Investigation of gradual and abrupt changes on the 
coherent vector is the subject of Sec. 4. In Sec. 5, the dynamics of the transmitted information 
is investigated. Finally we conclude and discuss our results in Sec. 6. 

2 The description of the model 

The system under consideration consists of spin | 31 P nuclei in a silicon substrate qubit. 
This system is used as the main block of the solid state quantum computer (SSQC), which 
has been proposed by Kane [TT], based on an array of individual phosphorus donor atoms 
embedded in a pure silicon lattice. Both the nuclear spins of the donors and the spins of the 
donor electrons participate in the computation. These qubits are subjected to a background 
magnetic field in the z— direction. At low energy the effective Hamiltonian for the nucleus- 
electron system is given by [T5] 

H eff = B z (n b a z - g^ n r z ) + Ao ■ r, (1) 

where a = (<J x ,a y ,a z ) and r = (r x ,T y ,r z ), are Pauli's operators for the nucleus and the 
electron qubits respectively, fib is the Bohr magneton, /i n the nuclear magneton and g& the 
g-factor for the phosphorous nucleus. The constant A = |/ifcgg n /i n |-?/>i(0)| 2 , and ^i(O) is the 
state vector of the electron wave evaluated at the position of the nucleus. If A << 2B z fib, 



then the effective Hamiltonin for the first order in A/ pbB z as 



H eff = B zl a Z) (2) 

where, B z is a background magnetic field, 7 = 70 + 7o = —QnPb — The parameter rj 
describes the rate of change of the nuclear magnetic resonance frequency of the qubit as a 
function on the A gate voltage (for more details see[13]). Also, if the field is in its resonance 
frequency i.e. u = then the Hamiltonian of the field is 



H(t) = Bacjlcos^ut + 4>)(Jy — sin (cut + (p)cr x ], (3) 

where 7 = —g n p n and B ac is the transfer magnetic field. For = 0, one gets the Hamiltonian 
which describes the qubit in the quantum register that is a qubit not undergoing any noise. 
In the presence of noise the Hamiltonian is given by: 

H eff = B z ({t)a z , (4) 

where C{t), describes the effective Hamiltonian of the stochastic fluctuations. If, we average 
over the noise we find 



dp s _ B ac j 
dt ih 



eB 



[cos8a y - sin6>cx x ),p s (0)J — [a z , p„(0)]J , (5) 

where, e = J 6 is the polarization angle of the field and p a (0) is the initial state of the 
qubit system which carries the information [21], 



p a (0) = ^(1 + ^(0)^, + s y (0)a y + s z (0)a z ), (6) 

where Sj(0) = tr{p a (0)ai},i — x,y and z are the Pauli vectors (coherent vectors) Using 
Eq.Q and Eq.([6]), one gets the final density operator of the evolved system p s (t). As soon 
as one gets the density operator, we can investigate all the physical properties of the state 
and the fidelity of the transformed information as we shall see below. In our calculation we 
set the scaled time r = B 2 z t and k is the ratio between the transfer magnetic component B ac 
and the background magnetic component of the field B z where we find that k = ^§>r- 



3 Purity and Entropy 

In this section, we investigate some properties of the evolved state which carries the transfer 
information. In this context, the most important properties are the purity V and entropy 
S n . To explain the observed behavior of the purity and the entropy we have to take into 
account different classes of initial state setting and different polarization of the field. 

Fig.(l), shows the dynamics process of the purity and the entropy for different polar- 
izations of the field. Firstly, let us start with a pure density operator as an initial state 




Figure 1: The dynamics of purity (dot curves) and entropy (solid-curves) for the system is 
initially prepared with p(0) = \{l + a y ) with k = = 0.05 and 9 = 0, |, f , f for the 
Figs. (a), (6), (c) and (d) respectively. 



p(0) = ^(1 + 0"^) and different polarizations of the external field. In Fig. (la), we assume 
that the field is polarized in x-direction, i.e, the applied noise is of bit flip type. It is evident 
that, at the scaled time r = B\t = 0, the purity V is maximum and equals 1. Then as 
time goes on the purity decreases abruptly and reaches its minimum value V ~ 0.5 then it 
becomes a constant. At this instance of time the pure state turns into a completely mixed. 
Also, this figure shows that initially the entropy of the system is zero. As time increases, the 
entropy rapidly increases and for late times, it goes to a constant (S n ~ 0.7). In this case 
there is no more exchange information between the state which carries the information and 
the environment. 

In Fig. (lb), the polarization angle of the field is |. In this case, the rate of purity 
loss is smaller than that depicted in Fig. (la). Also it quenches gradually and takes more 
time to become constant. Also, the rate of entropy increasing is small compared with the 
corresponding one in Fig. (la). Consequently the rate of exchange of information between 
the state and the environment decreases. As one increases the polarized angle of the field, 
9 the purity decreases smoothly, gradually and the rate of purity loss is smaller compared 
with small 9. Conversely concerning the entropy we can notice that the rate of increasing 
S n , is small and hence the exchange of information decreases. This behavior can be seen in 



Fig.(lc) and Fig. (Id), where the polarization angle of the field 9 = ~ , | respectively. 

In Fig. (2), we investigate the effect of the strength of the field parameter on the dynamics 
of the purity and the entropy. In Fig. (2a) and (26), we start with an initial state completely 
polarized in x-direction i.e p = |(1 + a x ) while the polarization angle of the field 8 = j. The 
behavior of purity and entropy is similar as that shown in Fig.(l). This is clear from Fig. (2a), 
where we set the value of the field strength k = = 0.05. In Fig. (2b) we increase the 
value of k, the rate of purity loss is increased (V decreases more ), while entropy increases 
more. 

Finally, we enclose this section with a system initially prepared as p(0) = h(l + cr z ) while 
the polarization angle of the field, 6 = |. The dynamics of the purity and entropy for this 
class of initial states is shown in Fig. (2c) and Fig. (2d) . One can notice that at the first 
moment of interaction the purity is almost maximum (V = 1) and the entropy £ = 0. This 
means that for r < 2.5, one can send the information safely and without any loss. On the 
other hand through this time there is no exchange of information between the state and 
the environment. As time goes on purity decrease and the entropy increases smoothly and 
gradually. As one increases the strength of the field parameter i. e, k = 0.09 the change in 
the purity and entropy happen abruptly and much faster. 
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Figure 2: The same as in Fig.(l) but the initial state of the system is p a (0) = |(1 + u x ) 
for Figs. (a, 6), with n = 0.05,0.09 respectively and p a (0) = |(1 + <r 2 ), for Figs. (c, d) and 
k = 0.05, 0.09 respectively. 



From our previous discussion, one may say that the dynamics of the purity and the 
entropy of the evolved state depends on the type of noise (phase-bit or bit) flip and the 
polarization of the initial state. If the noise and the initial state are polarized in the same 
direction, then the change in both V and £ n is gradual. On the other side, this change 
becomes abrupt if both of the initial state and the field are polarized in different directions. 
One of the most appreciated choices for generating the carrier of information is z— direction. 
In this case the survival purity is shown for a long time and the entropy increases very slow. 

4 Coherent vector's dynamics 

In this context, one of the most important phenomena of the evolved state is the dynamics 
of the amplitude of the coherent vector, \s\ = \J s\ + s\ + s\. It is known that a state can be 
characterized by expectation values of (sj) which are directly observed in experiments. Any 
density matrix in 2-level systems turns out to be characterized uniquely by a 3-dimensional 
real vector where the length satisfies \s\ < 1. Therefore, one define the Bloch- vector space 
B(R 3 ) : {s = (si,s 2 ,s 3 ) G 3? 3 , \s\ < 1} as a ball with radius 1. The surface of the ball 
corresponds to the set of pure states and its inside to mixed states. 

Our aim in this subsection to quantify the rate shrinking of the amplitude value of the 
coherent vector. So in Fig. (3) and Fig. (4), we discuss this phenomenon for different classes 
of states and field parameters. In Fig. (3a), the initial state is prepared in the pure state 
p s (0) = |(1 + cr x ), the field strength k = 0.05 and different polarization of the field are 
considered. From this figure it is evident that, as soon as the interaction starts r > 0, the 
coherent vector decays abruptly. Then the rate of quenching depends on the polarization 
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Figure 3: The dynamics of the amplitude value of the coherent vector \s\ (a) p(o) = |(1 + u x ) 
(b) p( ) = !(l+0y) The solid, dashed and dot curves for 6 = |, 0, | and k = 0.05 respectively. 



1 

. 8 
. 6 
. 4 
0.2 

2 4 6 8 10 12 14 16 
Scaled time 

Figure 4: The same as Fig. (3) but p(0) = |(1 + a z ) with 9 = f . The solid, dashed and dot 
curves for /t = 0.05, 0.07 and 0.09 respectively. 

angle of the field. For (9 = 0), i.e the field and the initial state are polarized in the same 
direction , one can notice that the decay in \s\ is smooth and the rate of shrinking is small. 
As one increases 9 = ~, the coherent vector quenched quickly and the rate of shrinking is 
larger than the previous case. Finally, we set the polarized angle of the field 9 = |, i.e the 
field and the initial state are in a normal polarization. In this case \s\, decreases faster and 
the rate of shrinking is very large. 

Fig. (36), shows the dynamics of the amplitude of the coherent vector for a different class 
of the initial state, where we assume that the initial system is prepared in p(0) = |(1 + cr y ). 
In general the behavior of \s\ is in agreement with that shown in Fig. (3a), but for 9 = |, the 
decay appears much smoother and becomes constant earlier than that depicted in Fig. (3a). 

The effect of the field parameter is seen in Fig. (4), where we assume that the initial state 
of the system is prepared in the z— direction p(0) = ~(1 + u z ) and the field is polarized such 
that 9 = j. From this figure it is clear that the amplitudes value of the coherent vector 
\s\ = 1 for a short time r ~ 2.5. This mean state the initial state is robust against the 
external noise through this time. As time goes on the initial state turns into a mixed state 
smoothly and gradually. Also, as one increases the values of the field strength, \s\ decreases 
smoothly and gradually, but the rate of shrinking increases as one increases k. 

5 Fidelity of transmitted Information 

In quantum commuting context, the information is transported by its carrier (states) from 
one site to another to achieve the final result. So, it is an important task to preserve these 
information to be used in a further operation [23] . In this subsection, we quantify the amount 
of transferred information between any two quantum computing operation. One of the most 





Figure 6: The same as Fig. (5), but the system is initially prepared in p s (0) = |(1 + a y ). 
(a)0 = 0. (b) 9 = §. 



common measure is the fidelity J 7 , which measures how much the sended information related 
to the initial coded information. Fig. (5) and Fig. (6) show snapshots of the dynamics of the 
fidelity for different classes of initial states and different polarization of the field. 

The behavior of the fidelity, T of the transformed information for a system is prepared 
initially in p s (0) = |(1 + <J X ) and the field is polarized in x— axis is shown in Fig. (5a). It is 
clear that the fidelity J 7 , oscillates between 1 at for pure state and for completely mixed 
state. Also, as the time goes on the fidelity decays smoothly and gradually, but does not 
reach to zero. This means that for this initial condition, one can transform the information 
between any two operation with non-zero fidelity. Also as k, increases the maximum value 
of the T is smaller than those for small k. Fig. (5b), displays the behavior of the fidelity for 
different polarization angle {6 = |). In this case the fidelity decreases faster as the time goes 
on and it completely vanishes for some values of n and at specific time. On the other hand 
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Figure 7: (a)The same as Fig. (5), but the system is initially prepared in p s (0) = |(1 + o z 
with 9 = 0. (b) The same as (a) but for small range of time. 



the minimum values of the rate of information loss increases for large values of k. 

Figs. (6) shows the dynamical behavior of information for different initial setting. It 
is evident that, if the system and the field are prepared initially in different polarization, 
the fidelity decays abruptly and very fast. This is clear from Fig. (6a), where the angle 
polarization of the field 9 = and the system is prepared in p s (0) = |(1 + a y ). As one 
increases the polarization angle the situation is dramatically changes. As an example if we 
set 9 = |, the fidelity decreases gradually and oscillates between 1 (for pure states) and 
(for completely mixed states. 

In the last example we considered the initial state of the system is polarized in the z— 
axis i.e p s {0) = |(1 + cr z ). and the polarization angle of the field 6 = 0. The dynamics of 
the fidelity of this system is shown in Fig. (7a). It is clear that in general the fidelity has a 
similar behavior as that shown in Figs.(5&6), but the maximum value of the fidelity is always 
better. For small interval of time the fidelity J- = 1 this is clear from Fig. (7b), where we plot 
the fidelity for small range of time. This means that through this time the information is 
transformed completely and correctly. In this case the polarization of the field has a similar 
effect if it is polarized in y— axis. 

One can conclude that the polarization angle of the field has a devastating impact on the 
transformed information, if the initial state and the field are prepared initially in a different 
polarization. Conversely, if the field and the initial state are in a common polarization, then 
the rate of information loss increases smoothly and gradually. 

6 Conclusion 

In this contribution, we introduce a complete description of the transport of information, 
where we investigated the dynamics of the purity, entropy and the amplitude of coherent 



vector. These physical quantities represent the most important properties of the evolved state 
through the Kane Solid state computer. Also we have shown the effect of the field parameter 
and the initial state setting on the amount of the transformed information between any two 
operations through the Kane quantum computer. 

From our findings, it is evident that the polarization of the field as well as the initial state 
setting play central roles on the phenomena of the abrupt and gradual decay of the purity 
and the amplitude value of the coherent vector. We have shown that, if one can generate 
the initial state such that it has the same polarization of the field, then one can keep the 
purity of the evolved state survival for a long time and consequently the rate of exchange 
of information increases slowly and gradually. Conversely, when both the initial state and 
the external field are polarized in different directions, then the destructive influence on the 
purity of the carrier of information appears clearly where the state turns into a completely 
mixed state abruptly and very fast. 

The fidelity of the transmitted information is very sensitive to the polarization of the field. 
We showed that as one increases the field parameter, the fidelity decreases and increases but 
the maximum values always decreases. On the other hand, for different polarization, the 
fidelity decreases abrupt and very fast, while the entropy increases abruptly. The dynamics 
of both phenomena changes gradually if the initial state and the field are polarized in the 
same direction. For some classes of initial states, the information is transformed from a node 
to another completely and correctly. 
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